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Theoretical fundamentals and a numerical method for calculating the heat and mass transfer and phase trans-
formations in drying porous bodies with multicomponent vapor and liquid phases have been developed. We
have obtained expressions for the evaporation intensity and the phase transition heat of liquid mixture com-
ponents and a formula for the equilibrium partial pressure of vapor phase components, from which, as limit-
ing cases, empirical Raoult and Henry laws follow. The results of comparison between the calculated and
experimental data are presented.

Introduction. The creation and optimization of modern drying technologies require a further development of
the theory and methods for calculating the heat and mass transfer, the phase transformations, and deformations in po-
rous systems.

At present, several approaches to the mathematical description of the drying process are used. The previously
proposed mathematical models of the drying dynamics, in particular, the models developed by A. V. Luikov [1], Whi-
taker [2], N. N. Grinchik, P. S. Kuts, and P. V. Akulich, were obtained with a number of assumptions narrowing the
range of their practical application. They do not take into account the influence of material shrinkage on the dehydra-
tion dynamics while the volume of many colloidal capillary-porous bodies in the drying process decreases several
times. In describing the drying process, it is commonly assumed that the liquid phase is single-component. In practice,
however, the removed moisture often represents a multicomponent solution.

The drying process is strongly influenced by the activation processes associated with it, in particular, evapo-
ration and diffusion. In the above models, the intensity of the activation processes, which sharply increases with in-
creasing temperature, is determined approximately on the basis of the phenomenological approach. For instance, in [1]
the intensity of the liquid–vapor phase transition is expressed in terms of the phase transition criterion representing the
ratio of the change in the moisture-content of the body as a result of the phase transition to its total change as a result
of the moisture transfer and the phase transition. Since in the physical sense moisture transfer and evaporation proc-
esses are able to proceed independently, such a technique can be considered as the replacement of one sought function
by another.

Molecular-Radiation Theory of Transfer in Drying Porous Multicomponent Systems.
1. In [4, 5], a new approach to the determination of the intensity of evaporation and diffusion processes was

developed. It is based on the molecular-radiation transfer theory [6], in particular, on the law of spectral radiation in-
tensity of particles [6, 7]

qiν = ενniνihν ,  (1)

where qiν is the energy of photons of frequency ν emitting per unit time unit-volume particles situated at the ith en-
ergy level as to frequency ν; hν is the photon energy; niν is the density of particles situated, as to frequency ν, at the
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ith energy level. The emissivity of photons is ε ≠ f(i). The ratio of εβν to the effective absorption cross-section σβν of
the particle is independent of the form of β particles.

From the law of the spectral radiation intensity of particles there follow the Planck formula for the blackbody
emissivity and the Maxwell–Boltzmann law on the energy distribution of particles, which have been verified by many
experiments.

The elementary law of thermal radiation (1) was formulated on the basis of the concept of energy transfer by
material carriers continuously emitted and absorbed by matter particles. This concept is in line with the fact that all
macroscopic bodies continuously emit and absorb energy.

The particle radiation law underlies the molecular-radiation theory of heat transfer which, as opposed to the
phenomenological theory, also permits obtaining, along with differential transfer equations, both expressions for transfer
characteristics of condensed bodies in terms of their thermodynamic parameters, and characteristics of their microparti-
cles. From the viewpoint of this theory we obtained the integrodifferential energy transfer equation [6]

∂E (r, t)
∂t

 = ∫ 
V

⎡
⎢
⎣
E 

⎛
⎜
⎝
r + ηη, t − 
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c

⎞
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⎥
⎦
 εFΦ (ηη) dV , (2)

where F is the effective absorption cross-section of unit volume, particles F = ζ ∑ 
β

nβσβ, 0 < ζ < 1; Φ =

exp (−F⏐η⏐) ⁄ (4π⏐η⏐).

In limiting cases, Eq. (2) goes over into the Fourier heat conduction equation and the hyperbolic transfer
equation used to describe intensive nonstationary processes. According to Eq. (2), the heat flow through the interface
between two bodies whose temperatures differ by the quantity ΔT is [6] q = −3FλΔT ⁄ 4, i.e., it is bounded. According
to the Fourier  heat conduction equation, this quantity should be infinitely large, which physically is impossible. From
(2) the following expression for  the specific internal energy of the multicomponent body follows:

E = 9kT
4
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1 ⁄ 3

 . (3)

The quantity γβ represents the probable number of degrees of freedom of β component particles (β = 1, 2, ..., B) ex-
changing energy with one standing wave. At B = 1 and γβ = 3(c ⁄ w3)2 ⁄ 2, where w3 is the velocity of sound, the ex-
pressions for E and for the volume heat capacity cV = ∂E ⁄ ∂T go over into Debye formulas [6]. The latter are in good
agreement with the experiment; however, they have been obtained on the physically unjustified assumption that the
change in the particle energy of a solid is due to the propagation throughout its volume of elastic waves each of
which is realized by one degree of freedom. According to the present-day notions, the elastic wave is a consequence
of the collective oscillation of atoms.

In accordance with (2) the heat conductivity coefficient λ for the multicomponent body is

λ = 
8π

3c
3 ∑ 

β
∫ 
ν

γβcν
∗εβνν2

dν

ζβν
2

Fβν
2  . (4)

For the amorphous body, ζ = 1. Therefore, the heat conductivity coefficient λ is proportional to the heat capac-
ity and this agrees with the experimental data. In crystalline bodies at low temperatures, by virtue of the order-
ing of the structure, ζ < 1, and these bodies, in accordance with (4) and the experiment, have a higher  heat
conductivity. Expression (4) qualitatively agrees also with the known approximate Debye formula for  single-com-
ponent bodies [6].

2. The intensity of diffusion, evaporation, thermal ionization, dissociation, and chemical reactions sharply
increases with increasing temperature. This is explained by the activation of particles as a result of certain fluctua-
tion processes whose nature has until recently been unclear. The diffusion mechanism in view of the radiation law
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(1) can be explained as follows. At very low temperatures each atom of the condensed body is at the point of its
equilibrium position, e.g., at a lattice site. When an electromagnetic radiation field arises in the body, a particle
can absorb a photon of some frequency ν′ moving along the x axis corresponding to one of the degrees of free-
dom of the particle. Part of the absorbed photon energy hν′ is expended in increasing the particle momentum by a
value of p = hν

__
′ ⁄ c and, accordingly, the kinetic energy by a value of Ekin = p2 ⁄ (2M) = (hν

__
′)2 ⁄ (4Mc2) which is

usually referred to as the transfer energy. In so doing, the particle shifts relative to the equilibrium position in the
direction of motion of the photon and begins to oscillate with a frequency depending on the crystalline binding
forces. The second part of the energy determined from the condition hν

__
′ = hν′ − Ekin is expended in increasing the

inert mass necessary for the considered degree of freedom of the particle. However, provided that Ekin = 0, the
Mo

..
ssbauer effect when absorption and radiation of photons by a particle occur "without recoil" and hν

__
′ � hν′ is re-

alized. This takes place when the inert mass of the absorbed photon is much smaller than the particle mass or
when the recoil momentum is transferred to the crystal lattice as a whole by the crystalline binding forces. The
fact that for condensed bodies the conditions of the absence of recoil are usually satisfied is confirmed by the
Kirchhoff radiation law, according to which "atoms absorb the same wavelengths which they radiate." Upon ab-
sorption of a photon hν′ the particle is able to absorb further photons hν′, whose path is parallel to the x axis, as
well as photons hν′′ moving in the plane normal to the x axis. Further, along with photons hν′ and hν′′ moving
along the x and y axes of Cartesian coordinates, the particle can absorb photons hν′′′, whose path is normal to the
plane x0y. The frequencies ν′, ν′′, and ν′′′ may coincide. As photons are absorbed, the energy of the degree of
freedom of the particle increases, taking on values Eiν = ihν, i = 1, 2, ... . The same values are taken on by the
quantum oscillator energy with respect to the zero level. The representation of each degree of freedom of a con-
densed body particle by one quantum oscillator enabled Einstein to obtain the temperature dependence of the heat
capacity which agrees with experimental data in a fairly wide temperature range. The number of photons of differ-
ent frequencies, which at each instant of time can be absorbed or emitted, by a particle, coincides with the num-
ber of degrees of freedom of the particle. Radiation of photons absorbed by a degree of freedom occurs in accor-
dance with law (1). As a result of the radiation of photons, the degree of freedom of the particle drops to the
zero energy level. Staying there, the particle is able to absorb a photon whose frequency is other than the fre-
quency of the radiated photons. Precisely this fact can explain the temperature dependence of the energy distribu-
tion function in the radiation spectrum of bodies.

If the energy per degree of freedom exceeds the activation energy Aβ of the particle, then it breaks the bonds
with neighboring particles and executes a diffusion jump. The limiting energy level Iβν at which a particle of the com-
ponent β can reside in activation processes is determined from the condition

Iβνhν < Aβ ≤ (Iβν + 1) hν . (5)

The particle residing at the level Iβν upon absorption of an hν photon is activated and, releasing energy (Iβν + 1) ⁄ hν,
makes a diffusion transition and finds itself at the zero energy level in the adjacent cell.

The intensity of diffusion processes in a condensed system is characterized by the energy distribution function
of particles and the dynamics of their movement from a given energy level to the next higher energy level. The en-
ergy distribution function of the component β particles in activation processes, which was found on the basis of the
radiation law (1), has the form [4]
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⎠
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⎣
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kT

⎞
⎟
⎠

⎤
⎥
⎦
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 exp 
⎛
⎜
⎝
− 

Eiν
kT

⎞
⎟
⎠
 . (6)

When Iβν → ∞, formula (6) goes over into the Maxwell–Boltzmann distribution law.
The probable number of particles of a unit volume of the body, which in a unit time attain the activation en-

ergy and execute a diffusion jump, is [4]

∂nβIβν
  ⁄ ∂t = ηβνwβIβν

cσβνχν = nβνεβνs
Iβν+1

 (1 − s
Iβν+1) = nβνεβν  / 

⎧
⎨
⎩
exp ⎡⎣Aβ

 ⁄ (kT)⎤⎦ − 1
⎫
⎬
⎭
 ,   s = exp [− hν ⁄ (kT)] .   (7)
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Summing this expression over all frequencies ν and then multiplying the obtained equation by the particle mass mβ,
we find the mass of the component β particles from a unit volume attaining in unit time the activation energy:

Gβ = εβρβ ⎡⎣exp (Aβ
 ⁄ kT) − 1⎤

⎦

−1
 ,   ρβ = nβmβ = ∑ 

ν

nβνmβ . (8)

Since the probable number of diffusion transitions made by an atom of the kind of β in unit time is equal to
Gβ ⁄ ρβ, and in each transition the atom covers the distance lβ, its mean velocity wβ = lβGβ ⁄ ρβ. According to the ele-
mentary kinetic transfer theory, the diffusion flow density of atoms of the kind of β through the z plane in the posi-
tive direction is [4] jβ

+(z)  = lβGβ(z − lβ) ⁄ 6, and in the reverse direction it is jβ
−(z)  = lβGβ(z + lβ) ⁄ 6. The resulting

diffusion flow density of atoms in the z direction equals

jβ = jβ
+
 − jβ

−
 = − lβ

2
 (∂Gβ

 ⁄ ∂z) ⁄ 3 . (9)

In accordance with (9), the quantity Gβ is the mass transfer potential for condensed bodies, and for gases the
equivalent quantity is the number of collisions in a unit volume per unit time of component β molecules having the
mean free path lgβ and the mean velocity wgβ, Ggβ = ρβwgβ ⁄ lgβ. The expression for the flow density of the βth com-
ponent of the gaseous mixture jgβ = −lgβ

2 (∂Ggβ ⁄ ∂z) ⁄ 3 = −lgβwgβ(∂ρβ ⁄ ∂z) ⁄ 3 coincides thereby with the known formula
of the elementary kinetic theory of gases.

Since determination of the εβ value runs into certain difficulties and its change along the z coordinate can be
neglected, we use for the mass transfer potential in condensed media the expression

Ωβ = ρβ 
⎧
⎨
⎩
exp [Aβ

 ⁄ (kT)] − 1
⎫
⎬
⎭

−1
 .

(10)

Substituting (9) into the mass equation of the β component [4] ∂ρβ ⁄ ∂t = −div (Jβ), where ρβ = mβnβ; Jβ =
mβjβ, in view of relations (8), (9) we obtain the mass transfer equation

∂ρβ
 ⁄ ∂t = div (Dβ grad ρβ) + div [(κβ

 ⁄ T) grad T)] , (11)

where

Dβ = 
1

3
 lβ

2εβ 
⎡
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⎣
exp 

⎛
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⎝

Aβ
kT

⎞
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⎠
 − 1

⎤
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⎦

−1

 ;   κβ = 
1

3
 ρβlβ

2εβ 
Aβ
kT

 exp 
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exp 

⎛
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Aβ
kT

⎞
⎟
⎠
 − 1

⎤
⎥
⎦

−2

 . (12)

The expression for Dβ agrees well with the experimental data of [4] and at Aβ ⁄ RT >> 1 goes over into the empirical
Arrhenius formula for solid media, and at Aβ ⁄ RT << 1, into the Einstein formula for liquid media.

3. In evaporation and sublimation processes, the probable number of activated particles is determined, as in
diffusion processes, by expression (8). Activated particles, losing the accumulated energy, move with equal probability

in all directions. Those situated near the free surface and whose path to this surface does not exceed δ∗, break loose

from the body. The value of δ∗ � A ⁄ (ξρliq), where ξ = const, and can be considered as the thickness of the boundary

layer adjoining the free surface of a rather massive condensed body in which the evaporation process proceeds. The

probability of evaporation of an activated particle located at a distance η ≤ δ∗ from the outer surface is equal [5] to

we(η)  = 
1

2
 
⎛
⎜
⎝
1 − 

η
δ∗

⎞
⎟
⎠
, and the mass of particles evaporating in the elementary layer dη of the unit area is dIe =

we(η)Gβdη. The specific evaporation intensity of a layer of thickness δ is determined by integrating dIe with respect

to the evaporating layer thickness [5]:

Ie = ερliqδ∗δ
_
 (2 − δ

_
) ⁄ �4 [exp (A ⁄ kT) − 1]� , (13)
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where δ
_
 = δ ⁄ δ∗ at 0 < δ < δ∗ and δ

_
 = 1 at δ > δ∗.

The specific mass flow of condensing vapor molecules, which is determined in accordance with the Maxwell
law of velocity distribution of molecules, equals

Ic = fcmPv
 ⁄ (√⎯⎯⎯⎯⎯⎯2πkmT ) . (14)

At thermal equilibr ium of the condensed body–gas phase system the phase temperatures and the mass
flows of evaporating and condensing molecules coincide, and the vapor  pressure Pv takes on the value of the equi-
librium pressure of vapor Peq. Under these conditions, from (13) and (14) we find

Peq = Nρliqδ∗δ
_
 (2 − δ

_
) √⎯⎯T  ⁄ �fc [exp (A ⁄ kT) − 1]� ,   N = ε√⎯⎯⎯⎯⎯⎯2πk ⁄ m  ⁄ 4 . (15)

For massive bodies, δ
_
 = 1, and (15) goes over into the formula for the saturated vapor pressure

 Psat = Nρliq,satδ
∗
 √⎯⎯T  ⁄ �fc [exp (A ⁄ kT) − 1]� . (16)

As is seen from Fig. 1, expression (16) under the condition that Nρliq,satδ
∗ = const agrees well with the experimental

data presented in the literature [8] in the form of tables of saturated vapor and liquid on the saturation line. To find
the parameters A and N, it suffices to dispose of Psat for two values of T.

From formulas (15) and (16) it follows that

Peq
 ⁄ Psat = δ

_
 (2 − δ

_
) = ϕ . (17)

In accordance with this expression, the condensate layer thickness δ on the surface of a nonevaporating body in a me-
dium with moisture ϕ is equal to [5]

δ = δ∗δ
_
 = δ∗

 (1 − √⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯1 − Pv
 ⁄ Psat ) = δ∗

 (1 − √⎯⎯⎯⎯⎯1 − ϕ) . (18)

According to (18), as the mass of the liquid introduced into a closed isothermal cavity increases, the equilibrium con-
densate layer thickness on the cavity surface increases monotonically until the vapor pressure reaches the saturation
pressure. A further increase in the introduced liquid mass does not lead to a change in δ.

From formula (16) and the Clausius–Clapeyron equation the expression for the phase transition heat follows:

Fig. 1. Comparison of the dependences of saturated vapor pressure Psat on
temperature T for water (1) and ammonia (2) calculated by Eq. (32) to the
tabulated data of [8] indicated by dots. Psat, MPa; T, K.
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L = N (vliq − vg) Φ (T) ,   Φ (T) = 
√⎯⎯T
2
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 . (19)

The resulting evaporation flow (sorption or desorption intensity) I on the surface of a single-component body
when its temperature T is other than the temperature of the vapor-gaseous environment temperature Tenv, is defined by
the formula [5]

I = nεδ∗
 
⎧
⎨
⎩
δ
_
 (2 − δ

_
) [exp (A ⁄ RT) − 1] − ϕenv ⎡⎣exp (A ⁄ RTenv) − 1⎤

⎦ 
⎫
⎬
⎭
 ⁄ 4 ,   ϕenv = Penv

 ⁄ Psat . (20)

In this expression, the first term between braces characterizes the evaporation intensity and the second one, the con-
densation (sorption) intensity. If the first term is larger than the second one, then desorption and otherwise sorption
occurs.

4. The equilibrium partial pressure of the β component of vapor Peqβ (β = 1, 2, ..., B) over the liquid mixture
is found from the equality condition of the flows Ieβ = Icβ of evaporating and condensing molecules:

Peqβ = nβεβδβ
∗δ
_

β (2 − δ
_

β) ⎡⎣exp (Aβ
 ⁄ RT) − 1⎤

⎦

−1
 √⎯⎯⎯⎯⎯⎯⎯2πkmβT  ⁄ (4fβ) . (21)

If the thickness of the condensed mixture layer δβ ≥ δβ
∗, then δ

_
β = 1 and Peqβ = Psatβ. The condensation coefficient

fβ of the particle of the βth component of the vapor phase on the surface of a multicomponent liquid is expressed in
terms of the condensation coefficients fβγ of this particle on the pure component γ by means of the additive formula

fβ = ∑ 
γ

fβγΨγ = ∑ 
γ

fβγUγ
 ⁄ ργ = fββ ∑ 

γ

(fβγUγ
 ⁄ fββργ) ,     γ = 1, 2, ..., B . (22)

As a result of dividing (21) by Eq. (15) written for the pure βth component when Peq = Peqβ
0 , δ

_
 = δ

_
β
0  =

Aβ ⁄ (n0
 ⁄ ξ) and f = fβ, we arrive at the formula

Peqβ = 
Uβ

∑ 
β

Uβ
 

δβ
∗δ
_

β (2 − δ
_

β) fβ
 0

δβ
∗0δ

_
β
 0

 (2 − δ
_

β
 0) fβ

 Peqβ
0

 . (23)

When δβ ≥ δβ
∗, mβ = m = const and fβ = fβ

0, from (23) the empirical Raoult law

Fig. 2. Comparison of the dependences of partial pressures of water vapors (1
and 1′), ethyl alcohol vapors (2 and 2′), and the total pressure (3 and 3′) on
the molar fraction of alcohol xalc in the mixture obtained as a result of the
calculation (solid curves), experiments [10] (dots), and by the Raoult law
(dashed curves) for the temperature of 293 K. P, Pa.
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Peqβ = Peqβ
0

nβ
 ⁄ ∑ 

β

nβ = Peqβ
0

xliqβ
(24)

follows for the ideal solution of liquids, whose mixing occurs without a change in the volume, with molecules having

similar properties when Uβ ⁄ ∑ 
β

Uβ = nβmβ ⁄ ∑
β

 (nβmβ) � nβ ⁄ ∑ 
β

nβ = xliqβ. Let us write (23) for the massive layer of

a binary ultimately diluted solution of the component β = 2 in solvent β = 1 in the form Peq2 = K2xliq2, where K2 =

m2 f2
 0Peq2

 ⁄ (m1 f2) ≠ Peq2
0 . The formula for Peq2 represents the empirical Henry law, and the expression for K2 discloses

the physical meaning of the Henry constant.
Figure 2 presents the dependences of partial pressures of water and ethyl alcohol vapors and the total pressure

on the molar fraction of alcohol xalc in the mixture obtained experimentally [9] and as a result of calculations by for-
mulas (23) and (24). The calculation by formula (23) agrees with the experimental data, while the error in the calcu-
lations made on the basis of the Raoult law (24) is rather high. The temperature dependences of partial pressures of
water and ethyl alcohol vapors (Fig. 3) plotted on the basis of formula (23) and tabular data are in good agreement.

The phase transition heat of the volatile β component (β = 1, 2, ..., B) of a solution containing B
~

 nonvolatile
components and B

^
 inert gases at temperature T is equal to
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⎭

⎪

⎪
 . (25)

Here U and U
^

β are the volume concentrations of all volatile components and the inert component; Ψ
~

 is the
volume fraction of all nonvolatile components.

Disposing of the functions Ieβ, Icβ, and Peqβ, we write the expression for the resulting specific evaporation
flow of the ith component in the mixture in the form

Iβ = 
1

4
 
Uβ
μβ

 Nβδ∗
 
⎧
⎨
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_

β (2 − δ
_

β) 
⎡
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⎣
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⎛
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⎝
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⎤
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 −1
⎫
⎬
⎭
 , (26)

Fig. 3. Temperature dependences of partial pressures of water (solid curves)
and ethyl alcohol (dashed lines) vapors and their comparison to the tabulated
data of [10] (dots) at various molar fractions of water xw and xalc in the solu-
tion: 1) xalc = 1; 2) xw = 1; 3, 3′) xw = 0.2; xalc = 0.8; 4, 4′) xw = 0.5, xalc
= 0.5; 5, 5′) xw = 0.7, xalc = 0.3. P, Pa; T, K.
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where Nβ = εβ√⎯⎯⎯⎯⎯⎯⎯2πk ⁄ mβ  ⁄ 4. The condensed layer thickness of the mixture on a nonevaporating surface is

δmix = max 
⎧
⎨
⎩
δβ

∗
 (1 − √⎯⎯⎯⎯⎯⎯1 − ϕβ )

⎫
⎬
⎭
 . (27)

In the second period of drying when Uβ⏐ν=0 approaches the corresponding equilibrium value, the evaporation intensity
of the component is determined from the equation

Iβ = − Dβ (∂Uβ
 ⁄ ∂x)ν=0 . (28)

5. The intensity of the liquid-vapor phase transition IVβ in the capillaries of a unit volume of a porous body
is proportional to the product of Iβ by the contact area S of the liquid and gas phases. The value of S can be deter-
mined through the differential size distribution function of pores F(r) = dV ⁄ dr, where dV is the total volume of pores
with a radius from r to r + dr in a unit volume of the body. The total length of capillaries with a radius from r to
r + dr is equal to F(r)dr ⁄ (πr2). We assume that a liquid-gas contact can arise only in open capillaries of radius
r > δmix. According to (27), it is assumed that at each instant of time t on the surface of a capillary of radius
r > δmix a condensate layer of thickness δmix(T, ϕmix) is formed, and capillaries of radius r ≤ δmix are completely filled
with the liquid. Then the contact area of the liquid and gas phases in capillaries of a unit volume of the body with
radii from r to r + dr at r > δmix will equal dS = F(r)2π(r − δmix)dr ⁄ (πr2). The total contact area of the phases is

S =   ∫ 
rmin+δmix

rmax

  dS = 2   ∫ 
rmin+δmix

rmax

  
F (r)

r
 dr − 2δ∗

 (1 − √⎯⎯⎯⎯⎯⎯⎯⎯1 − ϕmix )   ∫ 
rmin+δmix

rmax

  
F (r)

r
2  dr . (29)

In accordance with expression (26) and the condition that the temperatures of the phases at each point of the
body coincide, the volume evaporation intensity is

IVβ = γVβ 
Uβ
μβ

 Nβδ∗
 
⎡
⎢
⎣
exp 

⎛
⎜
⎝

Aβ
RT

⎞
⎟
⎠
 − 1

⎤
⎥
⎦

 −1

 ⎡⎣δ
_

β (2 − δ
_

β) − ϕβ
⎤
⎦ . (30)

Here ϕβ = Pβ ⁄ Psatβ(T); γVβ = γV0βS, 0 < γV0β ≤ 1.
The pressures of the vapor-gas mixture Pg and the liquid mixture in the body pores are expressed in terms of

the temperature T. The volume concentrations of liquid Uβ (β = 1, 2, ..., B) and vapor Uβ′′ (β = 1, 2, ..., B) volatile

components and inert gas U
^

β (β = 1, 2, ..., B
^

) and nonvolatile liquid U
~

β (β = 1, 2, ..., B
~

) components are expressed

as follows. The volume fraction of liquid components in a porous body Ψ = ∑
β

B

  ( Uβ ⁄ ρβ) + ∑
β

B
~

  ( U
~

β ⁄ ρ~β), where ρβ

and ρ~β are the true densities of these components. The volume fraction of the vapor-gas mixture Ψg is determined

through the volume fractions of components of the liquid Ψ and the solid skeleton Ψs: Ψg = 1 − Ψs − Ψ. The partial

densities of vapor and inert gas components in the vapor-gas mixture are equal to ρβ′′ = Uβ′′ ⁄ Ψg, ρ^ β = U
^

β ⁄ Ψβ, and

their partial pressures Pβ and P
^

β are found from the equation of state for the gas. The pressure in the liquid phase is

determined by the sum

Pliq = ∑ 
β

B

Pβ′′ + ∑ 
β

B′′

P
^
β + Pcap , (31)

where Pcap [10] is found as the mean capillary pressure of the liquid in the porous body capillaries whose walls are
covered with a liquid layer:
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Pcap = σmix (T)   ∫ 
rmin+δmix

rmax

  
θ

r
 Fdr  ⁄   ∫ 

rmin+δmix

rmax

  θFdr = 
σmix (T)

r∗
 . (32)

The volume fraction θ of the liquid in a capillary of radius r is determined from the expressions

θ (T, ϕ, r) = π 
[r

2
 − (r − δmix)2

]

πr
2  = 

2δmix

r
 − 

δmix
2

r
2  ,    r > δmix ;    θ (T, ϕ, r) = 1 ,    r ≤ δmix . (33)

The characteristic radius of pores r∗ lies in the range rmin + δmix < r∗ < rmax. The surface tension of the mixture δmix

can be determined approximately through the surface tensions of the pure components by the expression δmix
1 ⁄ 4 =

∑ 
β

xliqβσβ
1 ⁄ 4 obtained on the basis of the McLeod–Sugden formula.

From the expressions for θ(T, ϕ, r) and F(r) the following formula for the volume concentration of the liquid
in a porous body which is at equilibrium with humid air follows:

U (T, ϕ) = ρmix  ∫ 
rmin

rmax

 θ (T, ϕ, r) F (r) dr . (34)

For a given temperature formula (34) represents a desorption isotherm.
6. In constructing the system of equations of heat transfer in drying capillary-porous bodies with a multicom-

ponent liquid phase, we use the differential equation of substance (energy, mass, momentum) transfer in a deformable
body presented in [11]

∂W

∂t
 = − ∇JW + IW − 

W

1 + εV
 
∂εV

∂t
 . (35)

In the case where the relative volume deformation εV = 0, expression (35) goes over into the known Umov equation.

The flux density JW of substance W in the general case is composed of the diffusion JW
d  and filtration JW

f

components: JW = JW
d  + JW

f . Component β (W = Uβ) mass transfer is realized under the action of the volume concen-

tration and temperature gradients Jβ
d = −Dβ(∇Uβ + κβ∇T). The diffusion energy flux density Jq

d is composed of the heat

fluxes arising as a result of the heat conduction and diffusion of the mass of the components: Jq
d = −λ∇T + ∑ 

β

EβJβ
d.

The filtration flux densities of liquid and gas components are defined by the expressions Jβ
f  = Uwliq, J

^

β
f  = U

^

βwliq,

Jβ′′
 f = Uβ′′wg, J

~
β
f  = U

~
βwg. The filtration flow velocities of the liquid wliq and gas wg phases according to the Darcy

law are proportional to their pressure gradients ∇Pliq and ∇Pg [1]: wζ = −K0Kζ∇Pζ ⁄ ηζ, ζ = lig, g.

The rate of change with time in the relative volume of the body element is [9]

1

ΔV (t)
 
∂ΔV (t)

∂t
 = 

1

1 + εV (t)
 
∂εV (t)

∂t
 = 

1

1 + ε11
 
∂ε11

∂t
 + 

1

1 + ε22
 
∂ε22

∂t
 + 

1

1 + ε33
 
∂ε33

∂t
 . (36)

The normal deformation tensor components εkk (k = 1, 2, 3) are related to the displacement vector compo-
nents uk in Cartesian coordinates by the relations [6] εkk = ∂uk

 ⁄ ∂xk. Expressions for the displacement vector compo-
nents uk can be obtained on the basis of the solution of thermoconcentration deformation equation [6], which for the
case of elastic deformation where the dynamic effects can be neglected has the form
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μ1∇2
u + (μ2 + μ1) grad (div u) − grad [N (2μ1 + 3μ2)] + ρF = 0 . (37)

Here N = αT(T − T0) + ∑ 
β

αxβ(ωβ − ωβ0), αT = (∂x ⁄ ∂T) ⁄ x, αxβ = (∂x ⁄ ∂ωβ) ⁄ x.

In individual cases, the solution of the problem of deformation in drying bodies of elementary form can
be obtained analytically. In particular, for a flat plate 0 < x1 < H, whose deformation is due to the inhomogeneity
of the component concentration and temperature fields, which is symmetr ic about its midplane, the following ex-
pressions for the deformation tensor components εkk have been obtained [10]:

ε22 = ε33 = 
1

H
 ∫ 
0

H

Ndx1 ,   ε11 = 
1 + νP

1 − νP
 N − 

2νP

1 − νP
 ε22 . (38)

As a result of the substitution into the substance transfer equation (35) of the above expressions for the dif-
fusion coefficient and volume evaporation intensity, as well as of the relationships between the pressures, velocities,
and mass flux densities of components and their volume concentrations, we have constructed a system of equations de-
scribing the interrelated processes of heat and mass transfer, phase transformations, and shrinkage in drying colloidal
capillary-porous bodies with a multicomponent liquid phase:

∂Uβ
∂t

 + ∇ (wliqUβ) = ∇ [Dβ (∇Uβ + κβ∇T)] − IVβ − 
Uβ

1 + εV
 
∂εV

∂t
 ,   β = 1, 2, ..., B ; (39)

∂Uβ′′

∂t
 + ∇ (wgUβ′′) = ∇ [Dβ′′ (∇Uβ′′ + κβ′′ ∇T)] + IVβ − 

Uβ′′

1 + εV
 
∂εV

∂t
 ,   β = 1, 2, ..., B ; (40)

∂U
^

β
∂t

 + ∇ (wliqU
^
β) = ∇ [D

^
β (∇U

^
β + κ^ β∇T)] − 

U
^

β
1 + εV

 
∂εV

∂t
 ,   β = 1, 2, ..., B

^
 ; (41)

∂U
~

β
∂t

 + ∇ (wgU
~

β) = ∇ [D
~

β (∇U
~

β + κ~β∇T)] − 
U
~

β
1 + εV

 
∂εV

∂t
 ,   β = 1, 2, ..., B

~
 ; (42)

ceff 
⎛
⎜
⎝

∂T
∂t

 + weff ∇T
⎞
⎟
⎠
 = ∇ 

⎡
⎢
⎣
λeff∇T + ∑ 

β
hβDβ (∇Uβ + κβ∇T)

⎤
⎥
⎦
 , (43)

where

ceff = csUs + ∑ 
β

(cβUβ) + ∑ 
β

(cβ′′Uβ′′) + ∑ 
β

(c^βU
^
β) + ∑ 

β
(c~βU

~
β) ;

λeff = λsUs
 ⁄ ρs + ∑ 

β

(λβUβ
 ⁄ ρβ) + ∑ 

β

(λβ′′Uβ′′ ⁄ ρβ′′) + ∑ 
β

(λ
^

βU
^
β

 ⁄ ρ^β) + ∑ 
β

(λ
~

βU
~

β
 ⁄ ρ~β) ;

weff = 
⎡
⎢
⎣

⎢
⎢
wliq 

⎛
⎜
⎝

⎜
⎜
 ∑ 

β

Uβ + ∑ 
β

U
~

β

⎞
⎟
⎠

⎟
⎟
 + wg 

⎛
⎜
⎝

⎜
⎜
 ∑ 

β

Uβ′′ + ∑ 
β

U
^
β

⎞
⎟
⎠

⎟
⎟

⎤
⎥
⎦

⎥
⎥
  ⁄ 

⎛
⎜
⎝

⎜
⎜
 ∑ 

β

Uβ + ∑ 
β

U
~

β + ∑ 
β

Uβ′′ + ∑ 
β

U
^

β

⎞
⎟
⎠

⎟
⎟
 .
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The given additive expression of the effective heat conductivity λeff can only be used in the first approxima-
tion. The quantity λeff for capillary-porous and disperse systems depends on many factors, in particular, on the volume
concentration of the phases and their components, the structure of the material, the sizes of particles and pores, the
character of contacts between particles, and the influence of the convective and radiation components of the heat flow.
There is a large number of calculation relations taking into account the influence of the temperature, the gas pressure,
the material porosity, and the radiative energy transfer on the λeff value for relatively simple systems. For multicom-
ponent and multiphase systems, the following approach to the determination of λeff can be used. In a system consist-
ing of B parallel multicomponent layers of solid, liquid, and gas phases, the maximum value of the effective heat
conductivity λeff

+  is attained provided that the heat flow is directed along the layers, and it is equal to

λeff
+

 = ∑ 
b=1

B

λbΨb . (44)

For this same system, the minimum value of the effective heat conductivity λeff
−  is attained when the heat

flow is directed across the layers and fibers. It is determined in the same manner as the thermal resistance of a mul-
tilayer wall:

λeff
−

 = 1  ⁄ ∑ 
b=1

B

 (Ψb
 ⁄ λb) . (45)

If the layers of the system are multicomponent, then the value of λb can be determined from the additive expression

λb = ∑
β

(λβUβ ⁄ ρβ).

Since λeff
+  ≥ λeff ≥ λeff

− , the effective heat conductivity λeff in an arbitrary direction at any point of a heteroge-
neous layer system can be given by the following one-parameter formula:

λeff � Ωλeff
+

 + (1 − Ω) λeff
−

 ,     0 ≤ Ω ≤ 1 . (46)

The weight parameter Ω can be determined experimentally or on the basis of the data on the structure of the sys-
tem. In particular, if the body can be considered as a system of fibers whose direction is equiprobable, then for it
λeff = λeff

+  ⁄ 3 + 2λeff
−  ⁄ 3.

The specific evaporation heat Lβ of the liquid component β inside a porous material depends on its moisture
content and is composed of the specific evaporation heat of the free liquid and the specific moisture desorption energy.
Equation (43) has been obtained by combining the energy equation in the form (35) and the mass transfer equation of
substances (39)–(42). The second term of the right-hand side of Eq. (43), which is due to the diffusion energy transfer,
can usually be neglected [1].

For the system of equations (39)–(43), the heat and mass transfer boundary conditions have the form

λ 
∂T
∂ν

⎪
⎪
⎪ν=0

 = α ⎛⎝Tenv − T⏐ν=0
⎞
⎠ − ∑ 

β=1

B

(LβIVβ) , (47)

Dβ 
∂Uβ
∂ν

⎪
⎪
⎪ν=0

 + Kβ 
∂T

∂ν
⎪
⎪
⎪ν=0

 = Iβ ,     
∂U

~
β

∂ν
⎪
⎪
⎪ν=0

 = 0 , (48)

1163



− Dβ′′ 
∂Uβ′′

∂ν
⎪
⎪
⎪ν=0

 + Kβ′′ 
∂T

∂ν
⎪
⎪
⎪ν=0

 = γβ′′ ⎡⎣
⎛
⎝Uβ′′⏐ν=0 − ρenvβ′′ Ψβ′′⎞⎠ + κβ′′ Ψβ′′ ⎛⎝T⏐ν=0 − Tenv

⎞
⎠
⎤
⎦ .

(49)

For inert gases, the mass transfer boundary conditions are written analogously to (49). Note that the latter satisfies the
conditions under which the body reaches equilibrium [9].

Mesh Computing Method and Results of Numerical Experiments. The equations of system (39)–(43) are
nonlinear. Their solution is possible on the basis of numerical methods. For the general case of diffusion-filtration
transfer in a deformable system (ε ≠ 0), a mesh method based on the explicit three-layer scaling finite-difference
scheme [12] and the procedure of breaking down the algorithm into physical factors [13] has been developed. To ap-
proximate Eq. (39) in Cartesian coordinates x1, x2, x3 on a uniform computing mesh xk,mk

 = mkhk (mk = 0, 1, ..., hk
= const, k = 1, 2, 3), tn = nl (n = 0, 1, ..., l > 0) the following difference equations are used:

δtU
__

β = ∑ 
k=1

3

δk (DβδkUβ) , (50)

(1 + Ωβ) δtU
�

β − ΩβδtUβ
n−1

 = − ∑ 
k=1

3

δk (wliqkU
__

β) + ∑ 
k=1

3
⎡
⎣δk (DβδkU

__
β) + δk (κβδkT)⎤⎦ − IVβ , (51)

δtU
�

β = 
U
�

β
1 + εV

 δtεV ,
(52)

where δtW
__

n = (W
__

m1m2m3

n  − Wm1m2m3

n ) ⁄ l; δtW
� n  = (W

�
m1m2m3

n  − Wm1m2m3

n ) ⁄ l; δtW
n−1 = (Wm1m2m3

n  − Wm1m2m3

n−1 ) ⁄ l; δ1(Dδ1W) =

[(Dm1+1,m2m3
 + Dm1m2m3

)(Wm1+1,m2m3

n  − Wm1m2m3
n ) − (Dm1m2m3

 − Dm1−1,m2m3
)(Wm1m2m3

n  − Wm1−1,m2m3
)] ⁄ (2h1

2); δtW
� n  =

(Wm1m2m3

n+1  − W
�

m1m2m3
n ) ⁄ l.

The error of approximation of the differential equation (39) by the difference equations (50)–(52) has the
order l + h1

2 + h2
2 + h3

2. The necessary stability conditions for solving the system of difference equations (50–(52), which
were determined on the basis of the method of conditional definition of certain sought functions of the system [6], can
be written as follows:

lβ ≤ min 
⎡
⎢
⎣

⎢
⎢

⎛
⎜
⎝

⎜
⎜
 ∑ 
k=1

3
wk

hk

⎞
⎟
⎠

⎟
⎟

 −1

 ,   (1 + 2Ωβ) 
⎛
⎜
⎝

⎜
⎜
2Dβ ∑ 

k=1

3
1

hk
2

⎞
⎟
⎠

⎟
⎟

 −1⎤
⎥
⎦

⎥
⎥
 . (53)

The difference approximations of their stability conditions for the other equations of system (39)–(43) are written in
much the same manner as for (50)–(52). The computing time step l is determined in accordance with the condition

l ≤ min 
⎧
⎨
⎩
lβ, lβ′′, l

^
β, l

~
β, lT

⎫
⎬
⎭
 , (54)

where Lβ′′, l
^

β, l
~
β, lT are admissible time steps for the difference equations approximating, respectively, Eqs. (40), (41),

(42), and (43). The shrinkage of capillary-porous materials can usually be neglected. In this case, in system (50)–(52)
one has to assume U

�
β  = Uβ

n+1 and reject Eq. (52). In the absence of filtration, it is necessary to assume U
__

β = Uβ
n

and reject Eq. (50).
On the basis of the proposed method, we have calculated the drying dynamics and kinetics of a flat layer

0 < x1 < H of a capillary-porous body with a two-component liquid phase blown symmetrically by heated air. The dry-
ing conditions were chosen so that the influence of the filtration and deformation of the material could be neglected.
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Figure 4 presents the results of the calculation of the dynamics of drying a capillary-porous layer (lime-and-
sand brick) of thickness 12 mm, in which the liquid phase is a mixture of water (60 vol. %) and ethyl alcohol (40
vol. %), by means of a coolant with a temperature Tenv = 323 K, velocity w = 3.5 m ⁄ sec, and moisture content d =
8 g ⁄ kg of dry air. The initial value of the layer temperature was T0 = 293 K and that of the volume fraction of the
liquid phase was 0.35. It is seen from the figure that as the moment of completion of the first period of drying is
approached, at the outer boundary of the layer x = H the volume concentrations of both components of the liquid
phase simultaneously tend to equilibrium values. The results of the numerical and physical experiments on the drying
kinetics of the same system presented in Fig. 5 are in good agreement.

Conclusions. A mathematical model of the heat and mass transfer, phase transformations, and deformation in
drying porous bodies with multicomponent vapor and liquid phases has been constructed. We have obtained expres-
sions for the evaporation intensity and heat of the phase transition of the liquid phase components, as well as a for-

Fig. 4. Distribution of the relative volume concentrations of the liquid-phase
components — water U

__
 = U(x) ⁄ U0 (solid curves) and ethyl ether U

__
alc =

Ualc(x) ⁄ Ualc0 (dashed lines) — over the silicate plate thickness at a drying
agent temperature Tenv = 393 K at different instants of time: 1, 1′) t = 5 min;
2, 2′) 10; 3, 3′) 20; 4, 4′) 40; 5, 5′) 56.3; 6, 6′) 90; 7, 7′) 120.

Fig. 5. Change with time in the specific moisture content of the capillary-po-
rous body — a silicate plate of thickness 12 mm symmetrically blown by the
drying agent: a) for the case of the single-component liquid phase (1 and 1′
for water; 2 and 2′ for alcohol); b) for the ethyl alcohol solution (40 vol. %)
in water (1 and 1′ for the solution; 2 and 3 for the solution components —
water and alcohol). Tenv = 323 K, w = 3.5 m ⁄ sec, d = 8 g ⁄ kg of dry air.
ω, %; t, min.
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mula for the equilibrium partial pressure of the vapor phase components, from which the empirical Raoult and Henry
laws follow. A mesh computing method based on the explicit three-layer scaling finite-difference scheme and the pro-
cedure of breaking down the algorithm into physical parameters has been developed. The results of the numerical and
physical experiments point to the possibility of using the theoretical results presented for calculating and optimizing the
drying conditions for capillary-porous and colloidal capillary-porous materials.

NOTATION

A, activation energy, J; b, ordinal number of the substance layer in a flat heterogeneous system; B, number
of layers in the system; c, velocity of light, m ⁄ sec; cβ, mass isobaric heat capacity of the β component, J ⁄ (kg⋅K);
cV, heat capacity per unit volume, J ⁄ (m3⋅K); cν

∗, heat capacity referred to one degree of freedom of the component
β particle, J ⁄ (kg⋅K); d, moisture content, g ⁄ kg of dry air; D, diffusion coefficient, m2 ⁄ sec; E, specific internal en-
ergy, J ⁄ m3; Ekin, kinetic energy of the particle, J; f, condensation coefficient; fβγ, vapor condensation coefficient of
the component β on the surface of the pure liquid component γ; F(r), differential size distribution function of pores;
G, mass of unit-volume particles attaining in a unit time the activation energy, kg ⁄ (m3⋅sec); h, Planck constant,
J ⁄ sec; hk, size of the computational mesh width on the space coordinate xk (k = 1, 2, 3), m; hβ, specific enthalpy
of the component β, J ⁄ kg; H, plate thickness, m; i, ordinal number of the particle energy level; Iβν, limiting energy
level at which a component β particle oscillating with frequency ν can reside in activation processes; IW, specific
source power of substance, W ⁄ m3; j+, j−, densities of diffusion flows of atoms through the z plane in the positive
and negative directions of the z axis, kg ⁄ (m2⋅sec); JW, flow density of substance; k, Boltzmann constant, J ⁄ K; K0,
total permeability of the medium; Kζ, relative permeability of the phase; l, time step of the computational mesh,
sec; lβ, diffusion mean free path of the component β particle, m; lg, mean free path of the atom, m; L, specific
heat of the liquid-vapor phase transition, J ⁄ kg; m, n, ordinaly numbers of computational mesh widths on the space
coordinate and in time; mβ, mass of the β component particle, kg; M, mass of a photon-absorbing particle or crys-
tal, kg; nβ, density of β component particles, m−3; P, density, Pa; Pβ, partial pressure of the β component, Pa; r,
radius, m; r∗, characteristic dispersion parameter of pore sizes, m; R, universal gas constant, J ⁄ (mole⋅K); r, radius
vector; S, specific liquid-gas contact area in a unit volume m−1; t, time, sec; T, temperature, K; uk, displacement
vector component along the coordinate axis xk, m; U, volume concentration, kg ⁄ m3; v, specific volume, m3 ⁄ kg; V,
volume, m3; w, velocity, m ⁄ sec; W, transferred substance; W

__
, value of the grid function determined numerically in

the first approximation, W = U, T; xβ, molar fraction of the component; x, y, z, Cartesian coordinates, m; α, heat
transfer coefficient, W ⁄ (m2⋅K); αT, linear thermal expansion coefficient, K−1; αx, linear shrinkage coefficient; B, num-
ber of volatile components in the mixture; B

~
, number of nonvolatile components in the liquid mixture; B

^
, number of

inert components in the gaseous mixture; γV, volume evaporation coefficient, kg ⁄ (m3⋅sec); δ, evaporated layer thick-
ness, m; δ∗, boundary layer thickness of a massive body in which the evaporation process is proceeding, m; δ

_
, relative

thickness of the condensate layer; δt, operator of the difference time derivative t; ε, radiation coefficient of particles,
sec−1; εβ, frequency-averaged radiation coefficient, sec−1; εV, relative volume deformation; η, dynamic viscosity coef-
ficient, Pa⋅sec; ηη, radius vector; ζ, overlap coefficient of particles; θ, volume fraction of the liquid in a capillary; κ,
thermal diffusion coefficient, kg ⁄ (m3⋅sec); λ, heat conductivity coefficient, W ⁄ (m⋅K); λeff

− , λeff
+ , minimum and maxi-

mum values of the effective heat conductivity, W ⁄ (m⋅K); μ, molecular mass of substance, kg ⁄ mole; μ1, μ2, Lame′ co-
efficients, N ⁄ m2; N, thermoconcentration function; ν, oscillation frequency, sec−1; ν′, ν′′, ν′′′, frequencies of photons
absorbed by the particle moving in the direction of the axes x, y, z, sec−1; νP, Poisson coefficient; ρ, density, kg ⁄ m3;
σ, surface tension, N ⁄ m; ϕ, degree of saturation of the vapor-gas mixture; χν, density of photons of frequency ν,
1 ⁄ m3; Ψ, volume fraction of the porous system occupied by a phase component; Ψb, volume fraction of the plate
layer with the ordinal number b; ω, specific mass content (moisture content), %; Ω, weight parameter of the difference
equation; ∇, Hamilton operator. Subscripts: w, water; g, gas; liq, liquid; e, evaporation; c, condensation; cap, capillary;
sat, saturated state; v, vapor; eq, equilibrium state; env, environment; mix, mixture; alc, alcohol; s, solid; eff, effi-
ciency; q, energy flux; β, ordinal number of the component; ζ, phase of substance; 0, initial values (subscript) and
pure (single-component) phase (superscript); d, diffusion; f, filtration. Notations of the form C ′′, C

^
, C

~
 (C = U, P, ρ)

pertain to vapor volatile, inert gas, and nonvolatile liquid components.
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